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Abstract. Asset price processes with stochastic volatilities have been actively used
by researchers in financial mathematics for valuing derivative securities. This type of
models allows characterizing the uncertainty of the volatility variable in the asset price
process in financial markets. In a recent paper Chiarella and Ziveyi [3] analyzed a
model with two stochastic volatility variables of mean reversion type with one variable
changing fast and the other changing slowly. They used method of characteristics to
solve the obtained partial differential equation and determine the price of an American
option. Fouque et al [6], [7] and [8] presented also a similar model in which the
volatility of the underlying asset is governed by two diffusion processes which are not
of mean reversion type. They developed a first-order asymptotic expansion for the
European option price via a perturbation method.

In this paper we consider the model given in Chiarella and Ziveyi [3]. Instead of
pricing American options we price European options by generalizing the techniques
presented in Fouque et al [6], [7] and [8] to a more complex model with mean reverting
stochastic volatility factors. We analyse both regular and singular perturbations to
obtain an asymptotic expansion up to second order which can serve as an approxima-
tion for the price of non-path-dependent European options. Similar work is done in
authors earlier work Canhanga et al [1] in which a first-order asymptotic expansion
has been developed. Involving the second order terms has the advantage of capturing
more accurately the effects of volatility smile and skew on the option pricing. Ana-
lytical approximation formula for pricing European Option is presented.
Keywords: Financial market, Mean reversion volatility, asymptotic expansion, Stochas-
tic Volatilities, Regular perturbation, Singular perturbation, European option.

1 Introduction

The idea that in the financial market there is no free lunch suggests that one
should not get for free rights without obligations. An option is a financial
contract that gives the buyer the right but not the obligation to buy, in case
of a call option, or sell, in case of a put option, an underlying asset at the
maturity time (for European options) or any time up to the maturity (for
American options) at a predetermined strike price. Thus, there is an amount
of money, namely premium or price of the option, that the buyer of a option
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has to pay in order to acquire this right. It is clear that this price depends on
the stochastic process followed by the price of the underlying asset.

Following the fairness principle that financial models must assume, from the
beginning of history of financial mathematics up to now, there has been a lot of
efforts to develop models that capture all characteristics of asset price behav-
iors. The well-known Black-Scholes-Merton model values options based on the
geometric Brownian motion for the asset price process under constant volatility.
With a closed-form and easy-to-use option pricing formula this model has the
weakness of not considering the variability through time for the volatility vari-
able. Later Cox and Ross [15] introduced constant elasticity of variance model
which did not consider a proper stochastic process for the volatility but instead,
introduced a constant to characterize the changes of the volatility variable ac-
cording to the increasing or decreasing of the underlying asset price. Following
ideas from Vasicek [5] and Cox and Ross [15], Heston [2] brought a solution to
the Black-Scholes option pricing model extended to the setting of non-constant
and non-deterministic volatility. Heston [2] considered in his model a single fac-
tor volatility of mean reversion type in order to confine volatility distribution
to realistic level. The mean reversion property of the the volatility process is
justified by the long term equilibrium observed in real life movement of volatil-
ity variable of an underlying asset. He presented a semi-analytical formula for
pricing European options.

Afterwards numerous researchers have increasingly realized that asset prices
are influenced at least by two volatilities of mean reversion type with different
speeds (see for example Fouque et al [8] and LeBaron [11]), thus the lightness
from the single-factor Heston model was dropped and new research took place
trying to capture all effects on the volatilities behavior to the option pricing.

One of this research was done by Christoffersen et al [12]. They improved
the single factor Heston model by considering the variance of the underlying as-
set price as the sum of two uncorrelated stochastic variances of mean-reverting
type, which relaxed the assumption of a single volatility factor in the Hes-
ton model. The volatility factors, more accurately the variance rate processes,
have different reverting rates with one factor reverting fast and the other one
reverting slowly. Using the method of characteristics and Fourier inversion they
determined prices for European call options. These results were extended by
Chiarella and Ziveyi [3] for the American option pricing problem.

In the present paper we consider the aforementioned model with two stochas-
tic volatility factors. Instead of American options we consider pricing European
options. The fact that it has a fast and a slow changing volatilities makes the
determination of the option price a very tedious process. We replace the method
of characteristics by constructing an approximating solution using asymptotic
expansion method. Such method was described in Fouque et al [6], [7] and [8]
for a similar but simpler model of asset price process. In the authors earlier
work (Canhanga et al [1]), singular and regular perturbation analysis was per-
formed to develop an asymptotic expansion up to the first order which can serve
as an approximation to European option prices. The perturbation parameters
represent the rate of reverting for the two variance rate processes. The present
paper follows this line of research and perform a second-order singular and



regular perturbation analysis to capture more accurately the skew and smile of
volatilities. The obtained results on second order asymptotic expansion provide
more accurate approximation to the options prices.

2 The Problem

Let dWi, i = {1, 2, 3, 4} be independent Wiener processes, we consider an asset
process (St)0≤t≤T driven by the following stochastic differential equation

dSt = µStdt+
√
V1,tSt dW1 +

√
V2,tSt dW2, (1)

where µ is the expected return of the asset. Under the assumption 0 < ε << 1,
0 < δ << 1, |ρ13| < 1, |ρ24| < 1, the finite variance rates V1,t and V2,t are
stochastically governed by

dV1,t =
1

ε
(θ1 − V1,t)dt+ ρ13

√
1

ε
V1,t dW1 +

√
1

ε
(1− ρ213)V1,t dW3,

dV2,t = δ(θ2 − V2,t)dt+ ρ24
√
δV2,t dW2 +

√
δ(1− ρ224)V2,t dW4,

(2)

where the parameters θ1, θ2 are reverting means and 1
ε and δ refer to the

rates/speeds of mean-reversions. It can be shown that the parameter ρ13 (ρ24)
is the constant instantaneous correlation coefficient between St and V1,t (be-
tween St and V2,t). Note that since dWi, i = {1, 2, 3, 4} are independent
Wiener processes, the variance rate processes V1,t, V2,t are uncorrelated. Since
0 < ε << 1 and 0 < δ << 1, the variance rate V1,t will be changing fast on
the direction of its long run mean θ1, while the variance rate V2,t will change
slowly on the direction of its long run mean θ2. The speeds of changing for
these two variance rates, V1,t, V2,t, are given by 1

ε and δ respectively and the

corresponding volatilities (volatilities of volatilities) are
√

1
ε and

√
δ. We will

hereafter call V1,t the fast volatility factor and V2,t the slow volatility factor.
Moreover the assumption |ρ13| < 1 and |ρ24| < 1 will make the system to

fulfill the condition proposed in Feller [4], which guarantees that the stochastic
differential equation for the underlying asset has an analytic solution under real
world probability measure. It also guarantees that there exists an equivalent
solution to the underlying asset price equation under risk neutral probability
measure. Since our system is under real world probability measure we need to
transform it to a risk neutral probability measure. With the same thought as
Chiarella and Ziveye [3] we consider the market prices of risk λ1, λ2 associated
to Wiener processes dW1 and dW2 respectively to be constants. The other two
market prices of risk are given in terms of λ1 and λ2 by

λ3,t =
λ1
√
V1,t

σ1
√

1− ρ213
and λ4,t =

λ2
√
V2,t

σ2
√

1− ρ224
,

where σ1 and σ2 are the instantaneous volatilities of V1,t and V2,t per unit time
respectively. The use of Girsanov theorem (see for example Kijima [5]) will



transform our system to a new system under risk neutral probability measure

dSt = (r − q)St dt+
√
V1,tSt dW ∗1 +

√
V2,tSt dW ∗2 ,

dV1,t =

(
1

ε
(θ1 − V1,t)−

1√
ε
λ3,t

√
V1,t(1− ρ213)

)
dt+

1√
ε

√
V1,tρ13 dW ∗1

+
1√
ε

√
V1,t(1− ρ213) dW ∗3 ,

dV2,t =

(
δ(θ2 − V2,t)−

√
δλ4,t

√
V2,t(1− ρ224)

)
dt+

√
δ
√
V2,tρ24 dW ∗2

+
√
δ
√
V2,t(1− ρ224) dW ∗4 ,

(3)

where dW ∗i , i = {1, 2, 3, 4} are the Wiener processes under risk neutral prob-
ability measure. Details of this transformation and computation to the new
system under risk neutral probability measure can be seen in Canhanga et al
[1]. Consider an European option on an underlying asset governed by model (3)
with maturity T, and a given payoff function h(ST ) when ST is the underlying
price at maturity time T. Let U(t, S, v1, v2) denotes the options price at time
t < T when the underlying has price S and the spot fast volatility factor and
slow volatility factor are v1 and v2 respectively.

The option price U(t, S, v1, v2) is then the expected payoff under risk-neutral
probability measure discounted to time t, i.e.

U(t, S, v1, v2) = e−rτE∗[h(ST )|S, v1, v2], τ := T − t (4)

For the system of stochastic differential equation given in this paper, the
calculation of the above expected value will require analysis of many parameters
which makes it difficult. Andersen and Piterbarg [13] proves that the option
price given by (4) is equal to the unique solution of the following parabolic
partial differential equation

rU − ∂U
∂t = (r − q)S ∂U∂S +

[
1
ε (θ1 − v1)− λ1v1

]
∂U
∂v1

+ [δ(θ2 − v2)− λ2v2] ∂U∂v2 +

1
2

[
(v1 + v2)S2 ∂2U

∂S2 + 1
εv1

∂2U
∂v21

+ δv2
∂2U
∂v22

]
+

1√
ε
ρ13Sv1

∂2U
∂S∂v1

+
√
δρ24Sv2

∂2U
∂S∂v2

,

(5)
with boundary conditions U(T, S, v1, v2) = h(ST ).

Thus, instead of the difficult computation involved in using formula (4),
we will search for the option price via the approximate solution of (5) using
asymptotic expansion method, simplifying even more the calculation and using
much less parameters than those imposed by calculating expected values. On
the asymptotic expansion procedure, the results become asymptotically better
when we increase the order of expansion. In our case we have extended the
order of asymptotic expansion to the second order, expecting that our solution
will be more adjusted to the real values of the option price. We will capture



the skewness and smiles of volatilities during the life time of the option and it
will make the option price to express closely the real markets situation.

Let us define the following operators

L2 =
∂

∂t
+ (r − q)S ∂

∂S
+

1

2
(v1 + v2)S2 ∂2

∂S2
− r − λ1v1

∂

∂v1
− λ2v2

∂

∂v2
,

L1 = ρ13Sv1
∂2

∂S∂v1
,

L0 = (θ1 − v1)
∂

∂v1
+

1

2
v1

∂2

∂v21
,

M1 = ρ24Sv2
∂2

∂S∂v2
,

M2 = (θ2 − v2)
∂

∂v2
+

1

2
v2

∂2

∂v22
.

and

Lε =
1

ε
L0 +

1√
ε
L1 + L2.

Equation (5) can be written for short as(
Lε +

√
δM1 + δM2

)
U = 0 (6)

where

• 1
εL0 is the infinitesimal generator of the process V1,t;

• L1 express the correlation between the asset price S and the volatility V1,t;
• L2 is the multidimensional Black-Scholes operator presented in Conze et al

[9] and Sin et al [14] with volatility level given by f(v1, v2) =
√
v1 +

√
v2

and can be denoted as LBS ;
• M1 express the correlation between the asset price and the volatility pro-

cess V2,t;
• δM2 is the infinitesimal generator of process V2,t.

In equation (6) the operators assigned with ε are diverging in the small ε
limit and the operators assigned to δ are converging to zero in the small δ.
This drives us to a singular and a regular perturbation about the operator
LBS which is neither assigned to ε nor to δ. It is possible to present the
single and regular perturbation at the same time, but for better explanation
we will present the perturbation analysis stepwise starting from the regular to
the singular perturbation. It could also be done in the reverse order without
affecting the solution.

3 Regular perturbation

Consider the option price U as function of ε and δ. In the regular perturbation
we expand operators and the solution Uε,δ in (6) in terms of powers of

√
δ. Let



us assume that our solution can be expressed in the following form

U = Uε,δ =
∑
j≥0

√
δ
j
Uεj = Uε0 +

√
δUε1 + δUε2 + δ

√
δUε3 + · · · (7)

where the omitted terms are of order o(δ
√
δ). Using this expansion in (6),

collecting all terms with the same power of
√
δ and considering the fact that

0 < δ << 1, gives that equation (6) holds only if all coefficients of
√
δ
j
, j =

{0, 1, 2, · · · } equals zero with its final conditions. The first three lowest order
components of the regular expansion will be

LεUε0 = 0, Uε0 (T, S, v1, v2) = h(S);

LεUε1 +M1U
ε
0 = 0, Uε1 (T, S, v1, v2) = 0;

LεUε2 +M1U
ε
1 +M2U

ε
0 = 0, Uε2 (T, S, v1, v2) = 0.

(8)

We could produce infinitely many equations of this type. However only the first
tree equations are needed since we are interested in performing the second-order
asymptotic expansion. Indeed from the fourth equation that we would obtain,
all contained terms would be of o(δ

√
δ)) and hence not of our interest. In the

regular perturbation we are looking for Uε0 , U
ε
1 and Uε2 . Then the singular per-

turbation analysis will be performed on each of these three solution-components
to produce our approximation.

4 Singular Perturbation

Operators in (8) and Uε0 , U
ε
1 , U

ε
2 have to be submitted to a singular pertur-

bation. We do it by expanding Uεj , j = {0, 1, 2} in terms of powers of
√
ε

according to the formula

Uεj =
∑
i≥0

√
ε
i
Uj,i. (9)

We need to obtain all Ui,j for i+ j ≤ 2 to determine the expansion for option
price. Applying the above formula to (8) and solving them gives us the desired
Ui,j . Putting the resulting expansions for Uε0 , Uε1 , U

ε
2 in (7), our asymptotic

expansion for the option price will take the following form

Uε,δ = U0,0 +
√
εU1,0 + εU2,0 +

√
δU0,1 + δU0,2 +

√
δεU1,1 + · · · (10)

4.1 Singular perturbation on O(1)

Here we use (9) to do the singular perturbation on the first equation of (8)

Uε0 = U0,0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · . (11)

Let us for simplicity from now on denote U0,0 = U0. Applying the expansion
(11) in the first equation of (8), collecting terms with the same power of

√
ε

and using the fact that 0 < ε << 1, the resulting equation will be attended
only if



L0U0 = 0, U0(T, S, v1, v2) = h(ST );

L0U1,0 + L1U0 = 0, U1,0(T, S, v1, v2) = 0;

L0U2,0 + L1U1,0 + L2U0 = 0, U2,0(T, S, v1, v2) = 0;

L0U3,0 + L1U2,0 + L2U1,0 = 0, U3,0(T, S, v1, v2) = 0;

L0U4,0 + L1U3,0 + L2U2,0 = 0, U4,0(T, S, v1, v2) = 0.

(12)

• Operator L0 contains only derivatives on v1 and is a second order linear
ordinary differential operator. It can be solved and will have solutions with
exponential form that will cause our system to diverge. It also contradicts
the mean reversion approach that characterizes the variances in the system.
For our system to converge we have to consider the trivial solution of this
type of equation, i.e, U0 = U0(t, S, v2).

• Operator L1 contain derivative with respect to v1, therefore, applying any
Ui,j(t, S, v2) to L1 gives L1Ui,j(t, S, v2) = 0; ∀i, j ∈ N : 0 ≤ i+ j ≤ 2;

• If we have Poisson equation, the solvability condition imposes that the non-
homogeneous part of the equation must be centered with respect to the
invariant distribution of the process generated by L0. This is equivalent
to saying that the average of the non-homogeneous source with respect
to invariant distribution of the process V1 must equal zero. More clearly,
letting 〈·〉 be the average with respect to invariant distribution N(m,υ2)
of the fast volatility factor process V1. If we have L0χ + z = 0, then, the
solvability condition says that

〈z〉 =
1

υ
√

2π

∫
R
z(v1)e

−(m−v1)2

2υ2 dv1 = 0;

• Operator L2 is the two-dimensional Black-Scholes operator meaning that if
we apply Ui,j to L2 and we realize that it equals zero, then Ui,j is the Black-
Scholes option price. We denote this price by UBS(σ(v2)) with volatility
given by σ(v2) defined below.

• The averaged effective volatility σ(v2) is defined as

σ2(v2) = 〈v1 + v2〉 =

∫
(v1 + v2)Π(dv1)

where Π is the invariant distribution of the process V1,t.

With this in mind, the first three equations in the system (12) gives

U0 = UBS , (13)

where UBS is the solution to the corresponding two-dimensional Black-Scholes
model, when the volatility is given by σ(v2). Before we compute the other
components of the approximation, let us first introduce the notation

Dk = Sk
∂k

∂Sk
, k = 1, 2, 3, · · ·

and define an operator that will help on our calculation.



Suppose that the function φ(v1, v2) is the solution of

L0φ(v1, v2) = f2(v1, v2)− σ2(v2)

then

L2 − 〈L2〉 =
1

2

[
f(v1, v2)− σ2(v2)

]
D2 (14)

can be expressed as

L2 − 〈L2〉 =
1

2
L0φ(v1, v2)D2

which implies that

L−10 (L2 − 〈L2〉) =
1

2
φ(v1, v2)D2.

If we apply L1 operator on both side of the above equation we obtain

L1L−10 (L2 − 〈L2〉) = L1
1

2
φ(v1, v2)D2

or

〈L1L−10 (L2 − 〈L2〉)〉 =

〈
1

2
ρ13v1

∂φ(v1, v2)

∂v1
D1D2

〉
.

Then we define the operator

Bε = −Υ ε2 (v2)D1D2 (15)

where

Υ ε2 (v2) = −
√
ερ13
2

〈
v1
∂φ(v1, v2)

∂v1

〉
. (16)

Now, considering that the fourth equation on the System (12) is a Poisson
equation on U3,0 and the solvability condition impose that

〈L1U2,0〉+ 〈L2〉U1,0 = 0; (17)

together with the fact that L1U1,0 = 0 the third equation in the system (12)
will be transformed into

L0U2,0 + L2U0 = 0

which is again Poisson equation; its solvability condition will impose that
〈L2U0〉 = 0. On the other hand

L0U2,0 = −L2U0

implies that

U2,0 = −L−10 [L2 − 〈L2〉]U0. (18)

Using the above definition of U2,0 in equation (17) we obtain

〈L2〉U1,0 = BεU0 (19)



for the operator Bε defined in equation (15). In case we consider European
options, the equation (19) can be expressed as

LBS(σ(v2))U1,0(t, s, v2)ε = BεUBS ; Uε1,0(T, s, v2) = 0, (20)

therefore

Uε1,0 = −(T − t)BεUBS . (21)

Using definitions of the operators presented in equation (18) one can compute
U2,0 and obtain

U2,0 = −1

2
φD2U0 + c2,0(t, S, v2), (22)

where c2,0 is constant with respect to v2 which is obtained from the integration
of U2,0.

Computation of c2,0(t, S, v1)

To determine the constant c2,0, we use last equation in (12) which is a Poisson
equation, therefore

〈L1U3,0 + L2U2,0〉 = 0⇒ 〈L1U3,0〉+ 〈L2U2,0〉 = 0.

We need to compute the two terms on the left side of the last equation,

〈L2U2,0〉 = 〈L2 (−1

2
φD2U0 + c2,0(t, S, v1))〉.

The fact that the average is with respect to invariant distribution of V1,t allows
us to rewrite

〈L2U2,0〉 = −1

2
〈φL2〉D2U0 + 〈L2〉c2,0(t, S, v1).

Considering that U0 does not depend on the fast volatility factor v1

〈L2U2,0〉 = −1

2
〈φ〉
(
∂

∂t
+ (r − q)S ∂

∂S
− λ2v2

∂

∂v2
− r
)
D2U0

−1

4
〈φ(v1 + v2)〉D2

2U0 + 〈L2〉c2,0(t, S, v2)

which is

〈L2U2,0〉 = − 1
2 〈φ〉

(
∂
∂t + (r − q)S ∂

∂S − λ2v2
∂
∂v2

+ 1
2 〈(v1 + v2)〉D2 − r

)
D2U0−

1
4 [〈φ(v1 + v2)〉D2 − 〈φ〉〈(v1 + v2)〉D2]D2U0 + 〈L2〉c2,0(t, S, v2);

thus

〈L2U2,0〉 = A2(v2)D2U0 + 〈L2〉c2,0(t, S, v2) (23)



where A2(v2) is defined as

A2(v2) = −1

4
(〈φ(v1 + v2)〉D2 − 〈φ〉〈(v1 + v2)〉D2) .

The third equation in (12) implies that

L0U3,0 = −L1U2,0 + 〈L1U2,0〉 − L2U1,0 − 〈L1U2,0〉
= −L1U2,0 + 〈L1U2,0〉 − (L2 − 〈L2〉)U1,0

= −L1

(
−1

2
φD2U0 + c2,0(t, S, v2)

)
+

〈
L1

(
−1

2
φD2U0 + c2,0(t, S, v2)

)〉
− 1

2
L0φD2U1,0

= −1

2
ρ13

(
v1φ

∂

∂v1
−
〈
v1φ

∂

∂v1

〉)
D1D2U0 −

1

2
L0φD2U1,0

=
1

2
ρ13L0ψD1D2U0 −

1

2
L0φD2U1,0

where φ and ψ are functions that satisfies

1

2
L0φ(v1, v2)D2 = L2 − 〈L2〉;

L0ψ = v1
∂

∂v1
φ− 〈v1

∂

∂v1
φ〉.

U3,0 =
1

2
ρ13ψD1D2U0 −

1

2
φD2U1,0 + c3,0

where c3,0 is a constant on v1.
Now since we know U3,0, we are ready to compute the average with respect

to the invariant distribution of V1,t for L1U3,0, i.e.

〈L1U3,0〉 =

〈
ρ13D1v1

∂

∂v1

(
1

2
ρ13ψD1D2U0 −

1

2
φD2U1,0 + c3,0

)〉
=

〈
ρ13D1v1

∂

∂v1

(
1

2
ρ13ψD1D2U0 −

1

2
φD2U1,0

)〉
=

1

2
ρ213

〈
v1

∂

∂v1
ψ

〉
D2

1D2U0 −
1

2
ρ13

〈
v1

∂

∂v1
φ

〉
D1D2U1,0.

If we make

A1(v2) =
1

2
ρ213

〈
v1

∂

∂v1
ψ

〉
; (24)

the average of L1U3,0 will be

〈L1U3,0〉 = A1(v2)D2
1D2U0 − BεU1,0. (25)

Combining (25) with (16) gives

〈L2〉c2,0(t, S, v2) = −A1(v2)D2
1D2U0 + BεU1,0 −A2(v2)D2U0.



Lemma 2.1 from Fouque et al [8] together with the fact that

〈U2,0(T, S, v2)〉 = 0 and 〈φ(·, v2)〉 = 0

implies that

〈L2〉c2,0(t, S, v2) = A3(v2)〈L2〉τUBS + (Bε)2 〈L2〉
τ2

2
UBS

for

A3(v2) = A1(v2)D2
1D2 +A2(v2)D2

and

c2,0(t, S, v2) =

(
τA3(v2) +

τ2

2
(Bε)2

)
UBS . (26)

4.2 Singular perturbation on O(
√
δ)

So far we have determined the first three of the six terms in expansion (10).
We are seeking to find the next three terms with coefficients U0,1, U0,2 and U1,1.
Let us compute first the coefficients U0,1 and U1,1. This is possible by using
the expansion of U1 according to formula (9), i.e

Uε1 = U0,1 +
√
εU1,1 + εU2,1 + · · · . (27)

Applying (27) in the second equation of the system (8) together with formula
(9) gives

Lε
(
U0,1 +

√
εU1,1 + εU2,1 + · · ·

)
+M1

(
U0,1 +

√
εU1,1 + εU2,1 + · · ·

)
= 0.

Collecting all terms with the same power of
√
ε and again, considering the

fact that our fast reverting speed is never zero will imply that, in the obtained

equation, all coefficients of
√
ε
i

with its final conditions, must equal zero; i.e

L0U0,1 = 0, U0,1(T, S, v1, v2) = 0;

L1U0,1 + L0U1,1 = 0, U1,1(T, S, v1, v2) = 0;

L2U0,1 + L1U1,1 + L0U2,1 +M1U0 = 0, U2,1(T, S, v1, v2) = 0;

L2U1,1 + L1U2,1 + L0U3,1 +M1U1,0 = 0, U3,1(T, S, v1, v2) = 0.

(28)

We constructed the above system of partial differential equation only with
the four equations, because the other equations that we could obtain, do not
contain any of the six terms of our expansion (10), i.e, terms with coefficients
Ui,j , 0 ≤ i + j ≤ 2. The values of U0 and U1,0 are already computed and
given in (13) and (21). From the first equation in (28), and the same reasons
presented in the system (12) for U0, the component U0,1 will depend on the
time t, the underlying asset price and the slow changing volatility factor v2,
i.e. U0,1 = U0,1(t, S, v2). The fact that L1 contains derivatives with respect to
the fast changing volatility factor v1 implies that L0U1,1 = 0 which also for



the convergence reasons imply that U1,1 = U1,1(t, S, v2). These conditions will
transform (28) into

L0U2,1 + L2U0,1 +M1U0 = 0, U2,1(T, S, v1, v2) = 0;

L0U3,1 + L2U1,1 + L1U2,1 +M1U1,0 = 0, U3,1(T, S, v1, v2) = 0.
(29)

We have two Poisson differential equations, respectively for U2,1 and U3,1 with
respect to the invariant distribution of the process V1,t. The solvability condi-
tions of Poisson equation impose that the non-homogeneous part of it must be
in the null complement of operator L0, therefore

〈L2U0,1 +M1U0〉 = 0, (30)

and

〈L2U1,1 + L1U2,1 +M1U1,0〉 = 0. (31)

Since both U0,1 and U0 do not depends on v1 and the averaging procedure 〈·〉
consists of integration only with respect to v1, equation (30) can be written as

〈L2〉Uδ0,1 = −
√
δ〈M1〉U0,

where the right part is

−〈M1〉U0 = −
√
δ

〈
ρ24Sv2

∂2

∂S∂v2

〉
U0

= −
√
δρ24〈v2〉D1

∂

∂v2
U0

= −
√
δρ24〈v2〉D1

∂

∂σ(v2)

∂σ(v2)

∂v2
U0

= −
√
δρ24〈v2〉D1σ

′(v2)
∂

∂σ(v2)
U0

= −2AδUBS

where

Aδ = Θδ1(v2)D1
∂

∂σ(v2)
, Θδ1(v2) =

1

2

√
δρ24〈v2〉

∂σ(v2)

∂v2
. (32)

It follows then

LBSUδ0,1 = −2AδUBS ; U δ0,1(T, s, v2) = 0

which means that

Uδ0,1 = (T − t)AδUBS (33)

Now we want to compute the factor U1,1. From (31) the independence of
U1,0 and U1,1 from v1 allow to re-write it as

〈L2〉U1,1 = −〈L1U2,1〉 − 〈M1〉U1,0. (34)



Since we do not have interest in U2,1, we will have to express it in terms
of components that are part of our approximation. Going back to the first
equation in system (29) and using (30) yields

L0U2,1 = −L2U0,1 −M1U0

= −L2U0,1 −M1U0 + 〈L2U0,1 +M1U0〉
= −(L2 − 〈L2〉)U0,1 − (M1 − 〈M1〉)U0.

As in (14), we determine the difference between M1 and its average as
follows

M1 − 〈M1〉 = ρ24Sv2
∂2

∂S∂v2
−
〈
ρ24Sv2

∂2

∂S∂v2

〉
= ρ24(v2 − 〈v2〉)D1

∂

∂v2
.

= 0.

On the other hand, the difference between the second-order Black-Scholes op-
erator and its average was defined in (14), therefore

L0U2,1 = −1

2
((v1 + v2)− 〈v1 + v2〉)D2U0,1

= −1

2
L0φD2U0,1

or

U2,1 = −1

2
φD2U0,1 + c2,1(t, S, v2).

Now we calculate

〈L1U2,1〉 =

〈
L1

(
−1

2
φD2U0,1 + c2,1(t, S, v2)

)〉
= −

〈
ρ13Sv1

∂2

∂S∂v1

(
1

2
φD2U0,1 + c2,1(t, S, v2)

)〉
= −BεU0,1

that can be applied in (34)

〈L2〉U1,1 =
1

2
ρ13

〈
v1

∂

∂v1

〉
D1D2U0,1

= BεU0,1.

Since U0,1 is defined in (33) we have

〈L2〉U1,1 = BεU0,1

= BετAδUBS

= −τ
2

3
BεΘδ1(v2)〈L2〉

∂

∂σ
UBS

or

U1,1 = −τ
2

3
BεΘδ1(v2)

∂

∂σ
UBS . (35)



4.3 Singular perturbation on O(δ)

To complete our approximation we need to do the singular perturbation for the
δ component of the regular perturbation. We already have five coefficients for
the expansion of our solution (10). It remains to calculate the U0,2 component.
We consider the last equation on (8). Expanding Uε2 according to (9) and using
expansion of Uε1 and Uε0 presented in (11) and (27) respectively gives

Lε(U0,2 +
√
εU1,2 + εU2,2 + ε

√
εU3,2 + · · · )+

M1(U0,1 +
√
εU1,1 + εU2,1 + ε

√
εU3,1 + · · · )+

M2(U0 +
√
εU1,0 + εU2,0 + ε

√
εU3,0 + · · · )+

= 0;

Ui,2(T, S, v1, v2) = 0; ∀i = {0, 1, 2, · · · }.

Collecting terms with the same power of
√
ε our system can be written as

1

ε
L0U0,2+

1√
ε

(L1U0,2 + L0U1,2) +

(L2U0,2 + L1U1,2 + L0U2,2 +M1U0,1 +M2U0) +
√
ε (L1U2,2 + L2U0,2 + L0U3,2 +M1U1,1 +M2U1,0) +

ε (L0U4,2 + L1U3,2 + L2U2,2 +M1U2,1 +M2U2,0) +

· · · = 0,

from where we generate the system of partial differential equations

L0U0,2 = 0, U0,2(T, S, v1, v2) = 0;

L1U0,2 + L0U1,2, U1,2(T, F, v1, v2) = 0;

L2U0,2 + L1U1,2 + L0U2,2 +M1U0,1 +M2U0, U2,2(T, S, v1, v2) = 0.
(36)

From the first equation of the above system, choosing U0,2 to be independent
of the fast changing volatility will guarantee the convergence of the equation.
This will imply that also U1,2 is independent of the fast changing volatility
factor and the last equation of our system will be transformed into

L2U0,2 + L0U2,2 +M1U0,1 +M2U0 = 0

which is Poisson equation on U2,2 with respect to variable v1 . The solvability
condition impose that

〈L2U0,2 +M1U0,1 +M2U0〉 = 0



where M1, M1, U0,1, U0,2 and U0 do not depends on v1. Therefore

〈L2〉U0,2 = −M1U0,1 −M2U0

= −ρ24D1v2
∂

∂v2
U0,1 −

(
(θ2 − v2)

∂

∂v2
+

1

2
v2

∂2

∂v22

)
U0

= −2Θδ1(v2)D1
∂U0,1

∂σ
−
(

(θ2 − v2)σ′∂

∂σ
+

1

2
v2

∂

∂v2

(
σ′∂

∂σ

))
U0

=

[
−2Θδ1(v2)D1

∂

∂σ

(
τAδ

)
−N (v2)

∂

∂σ
− 1

2
v2(σ′)2

∂2

∂σ2

]
UBS

for

N (v2) = (θ2 − v2)σ′ +
1

2
v2σ
′′.

The use of Lemma 2.1 from Fouque et al [8] gives

U0,2 =
[
2
3τ

2AδA′3(v2) ∂
∂σ + τ2

2 A
2
3(v2)

(
∂2

∂σ2 + 1
3σ

∂
∂σ

)]
UBS

+
[
τ
2N (v2) ∂

∂σ + τ
6 v2(σ′)2

(
∂2

∂σ2 + 1
2σ

∂
∂σ

)]
UBS .

(37)

5 Pricing Formula For European Options

We now summarize the asymptotical results obtained in the previous sections
into the following main theorem.

Theorem 1. Consider an asset whose price evolves according to (1) and (2)
where V1,t and V2,t are stochastic variance processes of mean reversion type.
Consider also that the rates of reversion of the two variance processes are given
by 1/ε and δ respectively where 0 < ε << 1 and 0 < δ << 1. If h(ST ) is the
payoff of an European option on this asset with maturity time T , then the price
of this option can be approximated by Uε,δ given below.

Uε,δ = UBS −
√
ετBεUBS+

ε
[
− 1

2φD2 +
(
τA3(v2) + τ2

2 (Bε)
)]
UBS+

√
δτAδUBS −

√
εδ τ

2

3 B
ε ∂
∂σUBS+

δ
[
2
3τ

2AδA′3(v2) ∂
∂σ + τ2

2 A
2
3(v2)

(
∂2

∂σ2 + 1
3σ

∂
∂σ

)]
UBS+

δ
[
τ
2N (v2) ∂

∂σ + τ
6 v2(σ′)2

(
∂2

∂σ2 + 1
2σ

∂
∂σ

)]
UBS

which is the same as Uε,δ ∼= U0 +
√
εU1,0 + εU2,0 +

√
δU0,1 +

√
εδU1,1 + δU0,2

for Ui,j given in (13), (21), (22), (33), (35) and (37). The approximated option
price converges to the Black-Scholes price when ε→ 0 and δ → 0.
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