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Abstract. Estimations of Value at Risk (VaR) and Expected Shortfall (ES) are im-
portant for banks and other participants in financial markets. These financial risk
measures capture the amount of financial risk caused by a rare event. While precise es-
timations of these risk measures are desirable, standard Monte Carlo simulation-based
VaR and ES estimates require significant computing time. We propose an estima-
tor procedure for computing ES in a Bayesian framework using GARCH predictive
distributions and importance sampling methods. Approximations for the GARCH
predictive distributions are also proposed. The proposed methods are compared to
the standard cases, and show less computing time for the same degree of numerical
accuracy. Finally, the proposed procedures are used to estimate the ES of Japanese
stock market data.

Keywords: Bayesian estimation, GARCH model, Laplace approximation, impor-
tance sampling, predictive distribution.

1 Introduction

Market disruptions caused by the worldwide financial crisis required that finan-
cial institutions plan, monitor, evaluate, and assess financial risks. The finan-
cial crisis in the United States, triggered by the collapse of Lehman Brothers
in 2008, resulted in global downturn. Further examples of financial crises in-
clude the Great East Japan Earthquake in 2011, and the escalating debt crisis
in Europe between 2010 and 2012. Utilizing these data to study and/or fore-
cast the rare events associated with a financial crisis is becoming increasingly
important.

The Expected Shortfall (ES) and the Value at Risk (VaR) are popular mea-
sures of financial risks for an asset or a portfolio of assets. The VaR measures
the maximum loss of a financial asset price due to market movements over a
given holding period with a certain level of confidence. Let X be the negative
log return of the market values of an asset or a portfolio of assets, and F' be
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the distribution of X. Then, for a positive value p close to zero, the 100p%
VaR is defined as

VaR(p) = minfz : F(z) > (1—p)],

which is the (1—p)th quantile of the loss distribution F'. The ES is the expected
loss given that the VaR is exceeded and measures the financial risk of very rare
events. The ES is defined as follows:

ES(p) = E[X|X > VaR(p)].

The VaR is a financial risk measure of a rare event and is widely used as
a standard tool in financial markets. Since the work of Artzner et al. [1,2],
it is well known that the VaR is not a coherent measure of risk. If the risk
measure satisfies the four requirements of homogeneity, monotonicity, transla-
tion invariance, and subadditivity, then it is a “coherent” measure of risk. The
VaR satisfies the first three requirements, but lacks the subadditivity property.
Let X; and X5 denote the random returns of two financial assets, then the
subadditivity of a risk measure p(-) means

p(X1 + X2) < p(X1) + p(X2).

This property is desirable because it is consistent with the diversification prin-
ciple of modern portfolio theory.

The Basel Committee identified the ES, a theoretically coherent risk mea-
sure, as an alternative to the VaR. On May 3, 2012, the Basel Committee
explicitly raised the prospect of phasing out the VaR and replacing it with the
ES in the Third Basel Accord (Basel Committee [3]).

Various studies have attempted to obtain accurate ES values, including
sample averages based on the order statistics of Yamai and Yoshiba [24] and
estimators using the extreme-value theories of Cotter and Dowd [7]. For the
conditional distribution approach, we need to incorporate changes in market
volatility to reflect the most recent risk level. So and Wong [20] proposed sta-
tistical methods to estimate the multi-period ES under GARCH models using
the conditional kurtosis. Hoogerherde and van Dijk [12] proposed a Bayesian
framework for forecasting the VaR and ES using mixture of ¢ distributions.

The classic Monte Carlo methods to calculate the VaR and ES are possible.
One major limitation of any Monte Carlo method is that the computational
effort can be too heavy to make the method widely applicable. Thus, one ob-
jective of this study is to develop a new ES estimator based on the importance
sampling distribution of the conditional predictive distribution of GARCH re-
turns. For further details about GARCH models, Francq and Zakoian [9] pro-
vides extensive reviews on the variants of GARCH models and their empirical
applications.

We propose an estimation procedure for computing the ES in a Bayesian
framework using GARCH predictive distributions and the importance sampling
methods. To this end, we present new analytical methods to approximate the
cumulant generating function of the predictive distribution from the GARCH



models. Several approximations are proposed, including the usual fully expo-
nential Laplace approximation, Lindley approximation, and Miyata approxi-
mation. We also discuss and compare the precisions of these estimations.

This paper is organized as follows. Section 2 defines the GARCH models
and describes the ES estimation procedures. Bayesian approximation is also
explained. Section 3 presents the estimation procedures based on the impor-
tance sampling methods. To illustrate how our estimation procedures work,
we conduct a data analysis using Japanese stock market data in Section 4.
Conclusions are presented in Section 5.

2 Models and Methodology

The first step in a Bayesian analysis is to choose a probability model for the
data. In this research, we have chosen models widely used in financial anal-
yses to formulate the movement of financial asset prices. The ARCH model
of Engle [8] and the GARCH model of Bollerslev [4] aim to more accurately
describe the phenomenon of volatility clustering. Volatility clustering refers to
the empirical idea that large changes tend to be followed by large changes.

Let p; be the financial asset price at time ¢. The daily percent log return
is defined as y; = 100log(p;/pi—1). Let the volatility be defined as h;. Then,
the Autoregressive Conditional Heteroskedasticity(ARCH) model is described
as follows:

Yo = ethy, hE=oap+ oy’ |, e ~1id.(0,1), (1)

where ag > 0, and 0 < a1 < 1 for positive volatility.

The generalized ARCH (GARCH) model is often preferred by financial pro-
fessionals as it provides a more real-world context than other forms when trying
to predict prices. The GARCH(1,1) model can be expressed as follows:

yr = ethy,  hi =g+ a1yl | +BhI ., & ~iid.(0,1), (2)

where ag > 0,0 < a1 < 1,0 < <1, and a3 + 8 < 1. These restrictions
ensure that non-negative volatility and model stationarity. There is a special
case of the GARCH model called RiskMetrics (Longerstaey [16]) model whose
volatility equation is given by

hi = (1= Nyiy + My, (3)

where A € (0,1) is a smoothing parameter, for which, according to the Risk-
Metrics model, a reasonable choice is A = 0.94 for daily series. This model can
be viewed as the IGARCH(1,1) model without intercept.

Computing the ES in a Bayesian framework is one of the main purposes
of this research. Suppose we have observed data yr = (y1,...,yr) from the
(G)ARCH models defined by equations (1) or (2). Denote pr(yr|@) by the
probability density function yr, given 8 = (ag, a1, 3)’. Conditional on 8 and
Yi—1, y; are independent and identically distributed random variables with den-
sity p(yi|yi—1,0). Assume that e, follows a standard normal distribution. Then,



pr(yr|0) = [1—, p(yilyi_1,0) is a quasi-maximum likelihood (QML) even if
the true distribution of &; is non-normal. It is well known that, provided the
error distribution has a finite fourth moment, QML estimators are asymptot-
ically normally distributed in the case of the ARCH by Weiss [23] and the
GARCH(1,1) model by Lee and Hansen [14].

If we specify a prior density m(0), then by the usual Bayesian calculus, the
posterior distribution of @ from a sample yr is

pr(yr|0)r(0)d0
6 = .
prOWr) = 7 (url6)r(6)d6
Once the posterior distribution for the unknown parameters is obtained, we can

predict future data conditional on the data yr. Then, the predictive density
for yr11 becomes

( lyr) = fep(yTﬂ\yT,9)pT(yT|9)7T(9)d9 (4)
P Jopr(yrl@)m(@)do
This is called the Bayesian predictive distribution. In large deviation theory,
the tail probability of the predictive distribution is bounded by in terms of the
cumulant generating function of p(yr+1|yr). To do this, we need to define the
moment generating function of the predictive distribution, which is given by

o0

MyT+1 (5) =F [eSYTJrl] = / €SyT“p(yT+1|yT, a)dyT+l-

— 0o

Then the cumulant generating function is the log of the moment generating
function, which is given by

P(s) = log E[e*T+] = log/esyTﬂp(yTﬂ\yT,O)dyTH

2 e [ p(yrialyr, 0)pr(0lyr)do - dyri
Jo rr(yr|0)m(6)dO
log Jo [ e+ p(yry1ly, 0)dyr11pr(6]yr)do
Jo pr(yr|6)r(0)d6
Jo Ele*¥™+ lyr, 0]pr (0|yr)do
Jo pr(yr|0)n(6)d0

Let g be a smooth, positive function of the parameter space, and set

= log

= log

gME(0) = Ele*v+ |yr, 0] = /esyTﬂp(yTﬂ\yT,e)dyTH»

and ¢®(8) = p(yri1|yr, @) as the moment generating and the distribution
functions of a vector € conditional on yr, respectively. The posterior mean of
g™ () can be written as

™) (0)pr(0)yr)do
s

m € {MGF,p}. (6)



In general, we cannot calculate the exact posterior mean of function (6). Thus,
we provide approximations to (6) using Laplace methods.

The Laplace approximation is widely used in the asymptotic expansion of
integrals, which involves expanding the parameters in a Taylor series about
the mean values and then using the second-order terms to approximate the
integrals. It is well known that a posterior distribution is going to have a similar
form to the normal distribution as the number of observations go to infinity.
The posterior distribution is approximated using normal distribution in the
Laplace approximation. Implementation details of the Laplace method may be
found in Tierney and Kadane [21], Tierney et al. [22], and Miyata [17,18], who
introduce applied Laplace approximation methods.

We consider the fully exponential form of Laplace method by defining
hr(8) = —T~'log{pr(yr|0)n(0)}. Suppose {logpr(yr|@) + logm(8)} has
strict local maximum 6 and a positive definite matrix D2hy(8) = (8%/0000')hr(0).
Then, the approximation for an integral of the form I = [, b(0) exp{—Thr(6)}d6
is given by a Taylor series expansion of hp(8), as follows:

I ~ b(6) exp(~Th(8))(2/T)P"*| D*hr(6)71/2, (7)

where 8 is a point in R”. Here, b() is continuous, differentiable, and nonzero
at @ and @ € RP. The approximation of I has the error term O(T~1).

2.1 Tierney and Kadane Approximation

Tierney and Kadane [21] argued in favor of a specific implementation of the
Laplace approximation, called the fully exponential form, that produces results
more accurate than those of other approaches. Instead of errors typically being
O(T~1) for the conventional Laplace approximation, they found that the errors
are O(T~2) owing to the cancellation of O(T~!) error terms using their method.
Their proposed approximation is

2 A 1/2 o * (%
s _ ( D hT(g)|) exp{ ThT(GA)}’ m € {MGF, p},
|D2hf}(0*)| exp{fThT(e)}

(8)
where hi = —T~1og{g(8)pr(yr|0)7(0)} and * = argsupyco{—hi(6)}.

2.2 Miyata Approximation

Miyata [18] proposed a simple approximation to (6) based on the posterior
means of 6. Denote tr(-) by the trace of a matrix and let 8 be the posterior
mean. Then, the approximation to the posterior mean of g™ (8) in (6) is given
by

~(m m)(p 1 m)(p %) -
o =g (0% yr)+ omte (D (07)D*hr(0%)] 1), m € {MGF.p}. (9)

where 6B is a second-order approximation to the posterior mean 8%. Miy-
ata [18] shows that the approximation is valid under regularity conditions,



such that ¢(™)(0) = Aj(\?) + O(T~2). We only have to calculate this approxi-
mation using the second derivative. When T is comparably small, the result

:G\EVT) < 0 cannot be avoided.

2.3 Lindley Approximation

Lindley [15] developed an asymptotic expansion to evaluate the ratio of the
integral of the form as

1

— m) /A 0
" =g (6yr) - o= {

06,7

2T

1JTs

W(é)} RIS g

1 g 0 5

where k4 are the (i, 7)-components of the inverse of the Hessian of hy (@) and
hiji = (03/06;00;005)hr(0).

3 Importance Sampling Estimation Procedures

There is a large body of work on the use of asymptotic deviations to identify an
effective change of measure for estimating rate event probabilities by simula-
tion. For example, see Glasserman and Wang [10], Glynn [11], Muller [19], and
Heidelberger [13]. For numerous references and discussions on these studies,
see Chen et al. [6]. In order to use importance sampling for loss probabilities
estimations, an importance sampling density has to be chosen. For this, we
first define the exponential change of measure as below.

Let Y be a random variable on R and have distribution function F' and cu-
mulant generating function ¢ under the original probability measure P. Then,

Y(s) = log / exp(sy)dF (y).

Set ¢’s domain to S = {s: 9¥(s) < oo} and for each s € S, let F, denote the
distribution function obtained by the exponential change of measure. In other
words,

dF,(y) = exp(sy — 1(s))dF (y).

Then the cumulant generating function v contains important information about
the distributions F,. Let ¢/’ denote the derivative of 1. It is a standard conse-
quence of exponential twisting that ¢’(s) is the mean and ¢ (s) is the variance
of a random variable with distribution function Fs. Each F is a probability
density function, and {Fy;s € S} form an exponential family of distributions.
A transformation from F' to Fs is called an exponential change of measure.
The density function of Fy is given by

fily) = eV VO f(y), (11)



where f is supposed to be the density of F'.

The exponential changes of measure stem from the large deviation theory
(see Bucklew [5]). According to the large deviation theory, the tail of the
distribution of F(Y) can be approximated as

P(Y > y) ~ exp(—ysy +1(sy)),

for y > E(Y'), where s, is the root of the equation 9(s,) = y. The cumulant
generating function 1 (s) can be approximated by equations (8), (9), and (10).
In particular, let 5, be the root of the equation

—5p¢’(§p) +1p(5p) = log(1 — p).
Then, for p closer to 1, we observe
P(Y > ¢/(3,)) = 1—-p,

which suggests that ¢/(5,) is an approximation to the quantile F~1(p).

Let Y have the initial distribution function Fy. If we apply an exponential
change of measure such that Y has the new distribution Fj, the corresponding
likelihood ratio is given by

dFy(Y)
dFs(Y)

= exp(—sY +¢(s)).

Now, we propose the following algorithm to compute the VaR and ES based
on the importance sampling methods, for method € {TK, M, L}.

Step 1. Choose the model and set the prior for each parameter, then construct
a likelihood from the model. These are required to calculate the approximate
predictive distribution:

gf('rZL)ithod = p(yr+1ly:, 0).

Step 2. Let @methad(s) = log @(i\;[gf; Obtain an approximation to the cumu-

lant generating function using (8), (9), and (10).

Step 3. Obtain the value of s, which is the root of the nonlinear equation

~

1b;nethod (SI) =z,

for fixed x. Note that the cumulant generating function of Y is approximated
by Ymetnoda(s). Under the importance sampling distribution, the expected value
of Y is equal to z.

Step 4. Simulate a set of draws Yl(IS), cee YJSIIS) from the approximated im-
portance sampling density (11) using the acceptance-rejection method:

ﬁs,method(@/) = eXP(Sy - wmethod(s))ﬁo,method(y)-



Step 5. Take samples from the distribution in step 3. Then the importance
weight for collecting the bias can be determined as follows:

dFy

dFS = eXp(—SY(IS) + QZ’rnethOd(s))' (12)

Step 6. Estimate the VaR and ES, as follows:

J
VaR(a) = Yk(vll\f), where k= min{j : Zwi’N <a}, (13)
i=1
and
N
Eg(a) 1L ZI{Y- > 2} exp(—5Yi + Ymethod(s)) (14)
N pat i 7 metho )

respectively, where Yl(’lj\f) > }/2(7[]\?) > > YJS,{]%) are the ordered samples and

5~
wiN = % P(=sYi N + Pmetnoa(s)).
Standard Monte Carlo would generate N identically distributed samples

Yl(SMC)7 . ,YIS,SMC) from the approximated posterior predictive distribution
ﬁgltho 4~ Denote EG(T‘?VMC) > Y;%MC) > 0> Y]S,SJJ\\,/[ ) be the ordered samples
of the random draws of Yi(SMC), i=1,...,N. Then, the unbiased estimates

of the VaR and ES have the form
— A _ SMC
VaR(e) = Fy'(1—a) = VG v,

and

ES(a)

1
/ Fy ' (p)dp
11—«

1

«
[Na] {(SMC)

1 ZYZ;N + a_[Na] Y (SMC)

a\Z= N N [NaJ+1,N |

respectively. Here Fy ! (p) = min{z € R : Fy(x) > p} is the empirical quantile
function for p € (0,1).

4 Data Analysis

The daily price of the Nikkei 225 index p; for March 1, 2010 - March 15, 2015
was corrected. The daily percent log returns are constructed from the price
series {p;}, such that y; = 100log(p;/pi—1). The total number of returns in the
sample is 1,236.

How volatility is evaluated depends on the specification of the volatility
dynamics models. Here, we consider the ARCH(1) and RiskMetrics models for
the process y;. The ARCH(1) parameter o is assumed such that the sample
variance is equal to the model variance as ag = S%(1 — 1), where S? is the



sample variance. In Figure 1, we plot the return series {y;} together with the
estimated volatilities for the ARCH(1) and RiskMetrics model. As can be seen
in this figure, the RiskMetrics model is sensitive to volatility changes.

We compute the VaR and ES for the risk levels o € {0.01,0.05}. We choose
a flat prior for both oy on the interval [0,1) in the ARCH model and A on the
interval [0,1) in the RiskMetrics model. The number of random samples for
each simulation is N = 1,000. Figure 2 displays the kernel density plot for
the ARCH(1) predictive density for T' = 1,236 using Tierney and Kadane and
Miyata approximation, together with its importance sampling distributions
for a = 0.01,0.05. These figures show that the approximations give similar
densities.

Table 1 shows the estimation results for the VaR and ES for Tierney and
Kadane, Lindley, and Miyata approximation. From this table, we can see that
the estimated tail risks are quite close, such that the difference of procedure
does not affect the risk evaluation. Note that the estimated values acquired
using the RiskMetrics model are smaller to those obtained using the ARCH
model. This is because the volatility estimate for 611 is quite different between
these two models, as can be verified by Figure 1. Table 2 shows the relative
computing time for the estimation by each model and method. The Miyata
approximation requires less computing time than the other methods. However,
Lindley approximation needs more computing time because it requires a third
derivative of the kernel functions.

To compare the convergence performance of our proposed method with
Standard Monte Carlo, we estimate the VaR and ES for each simulation sample
from 100 to 1,000. The results are plotted in Figure 3 , where we use the Miyata
approximation. We can see that the importance sampling estimation has small
spread even though the smaller sample size, whereas the Standard Monte Carlo
have a larger variability.

Table 1. Estimated VaR and ES
Method VaR(0.05) VaR(0.01) ES(0.05) ES(0.01)

ARCH (1)

TK 2.294 3.189 2.790 3.565
Miyata 2.285 3.180 2.796 3.563
Lindley  2.253 3.181 2.763 3.556
RiskMetrics

TK 1.378 1.936 1.703 2.188
Miyata 1.339 1.938 1.717 2.172

Lindley  1.395 1.931 1.711 2.161




Table 2. Relative computing time for calculating VaR and ES for each model and
method.

Method TK Miyata Lindley
ARCH(1) 2.08 1.00 840
RiskMetrics 2.13  1.00 7.61

— ARCH
— RiskMetrics

| \ A\ ,
- | A R

T T T T T T T
[e] 200 400 600 800 1000 1200

Time

Fig. 1. Time series plot of negative log returns of Nikkei 225 stock market index
together with estimated volatilities using the ARCH and RiskMetrics models.

—— Predictive density —— Predictive density
=== |Sdensity for o=0.01 === |Sdensity fora.=0.01
) IS density for o =0.05 bl R IS density for o = 0.05

Fig. 2. Approximation of the predictive distribution together with importance sam-
pling densities obtained by Tierney and Kadane approximation (left) and Miyata
approximation (right). The dotted and dashed curves represent risk levels o = 0.01
and a = 0.05, respectively.
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Fig. 3. Performance of convergence of importance sampling method with Miyata
approximation together with Standard Monte Carlo method, for risk levels o = 0.05
(left) and @ = 0.01 (right).

5 Conclusion

We performed a tail risk estimation using a Bayesian importance sampling
predictive distribution on the Nikkei 225 log returns. Although we did not
find much difference between the estimated values, the Miyata approximation
needed less computing time than the other two methods. Other GARCH mod-
els are also worth considering using the proposed method. In future research,
we must evaluate the difference between the estimated values and the true
values. Thus, several open questions remain to be investigated.
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